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We propose a realizable circuit QED architecture for engineering states of a superconducting resonator off-
resonantly coupled to an ancillary superconducting qubit. The qubit-resonator dispersive interaction together
with a microwave drive applied to the qubit gives rise to a Kerr resonator with two-photon driving that enables
us to efficiently engineer the quantum state of the resonator such as generation of the Schro¨dinger cat states
for resonator-based universal quantum computation. Moreover, the presented architecture is easily scalable for
solving optimization problem mapped into the Ising spin glass model, and thus served as a platform for quantum
annealing. Although various scalable architecture with superconducting qubits have been proposed for realizing
quantum annealer, the existing annealers are currently limited to the coherent time of the qubits. Here, based
on the protocol for realizing two-photon driven Kerr resonator in three-dimensional circuit QED (3D cQED),
we propose a flexible and scalable hardware for implementing quantum annealer that combines the advantage
of the long coherence times attainable in 3D cQED and the recently proposed resonator based Lechner-Hauke-
Zoller (LHZ) scheme. In the proposed resonator based LHZ annealer, each spin is encoded in the subspace
formed by two coherent state of 3D microwave superconducting resonator with opposite phase, and thus the
fully-connected Ising model is mapped onto the network of the resonator with local tunable three-resonator
interaction. This hardware architecture provides a promising physical platform for realizing quantum annealer
with improved coherence.
PACS numbers:
I. INTRODUCTION
The parametrically driven anharmonic oscillator, which is
usually modeled by Kerr resonator with two-photon driving
[1, 2], has been shown to display rich physics and thus has
been studied extensively [3–11]. In a system consisting of a
Kerr resonator with two-photon driving operated in the quan-
tum regime, where the Kerr nonlinearity is stronger than the
photon decay rate, various schemes have been proposed for
engineering the quantum state of the resonator [4, 6, 12–
14]. Among these efforts, preparing the Schro¨dinger cat state,
i.e., superpositions of two large coherent states with opposite
phases, has been extensively investigated for the development
of quantummetrology [15] and quantum information process-
ing [15, 16]. Moreover, driven by the pursuit towards practical
quantum information processing, the quantum annealing [17]
was proposed as a quantum enhanced optimizer that aims to
efficiently solve Ising problems [18, 19], and this resonator
system has attracted increasing attention owing to its cou-
pled network offering an new paradigm for quantum annealer
[12, 20–22]. In these paradigm, the quantum information is
encoded and protected in the continuous variable system, i.e.,
resonator, and a series of theoretical studies have shown the
robustness of these paradigm with respect to the dissipation
and noise [21, 22].
Typically, the Kerr nonlinearity can be induced by inserting
a nonlinear medium (Kerr medium) in a resonator. However,
∗Electronic address: hfyu@nju.edu.cn
the induced Kerr nonlinearity is usually smaller than the dis-
sipation rate in optical and mechanical systems, hindering the
study of the quantum regime of this system. Recent advances
in artificial solid-state system, especially in the cQED system,
provides an alternative approach to easily get access to this
fascinating quantum regimes [23]. In the context of cQED,
the Kerr resonator is realized by using a superconducting res-
onator with an embedded Josephson junction [24, 25] which is
almost an ideal non-dissipative nonlinear element [26]. There-
fore, this gives rise to two main approaches to realize the two-
photon driven Kerr resonator in the cQED architecture. One
approach to realizing the system is to use a superconduct-
ing coplanar resonator terminated by a flux-pumped SQUID
[27–29]. Alternatively, a recent experimental work has shown
a nonlinear driven-dissipation approach by using a 3D mi-
crowave resonator coupled to fixed-frequency transmon qubit
and by an external microwave drive applied to the qubit at the
resonator frequency [30]. For the latter approach, remarkably,
the 3Dmicrowave resonator with high quality factors has been
experimentally demonstrated [31], enabling storage times ap-
proaching seconds [32] and thus favoring the quantum infor-
mation processing based on the 3D microwave superconduct-
ing resonator [16, 33]. However, it is noted that this approach
is implemented by using the two-photon driven-dissipation
process where the engineered nonlinear (two-photon) decay
rate should be significantly larger than the single-photon de-
cay rate of the cavity, which still remains important challenges
to be overcome [30]. This current limitation suggests inves-
tigating another relatively easily realizable approach that also
exploits the large coherence times of the 3Dmicrowave super-
conducting resonator.
In this work we proposed an experimentally feasible proto-
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FIG. 1: (Color online) (a) General proposal for realizing the two-
photon driven Kerr resonator, where the transitions |g〉 ↔ |e〉 and
|e〉 ↔ |f〉 of the quantum three-level system (qutrit) are disper-
sively coupled with the resonator, while the |g〉 ↔ |f〉 transition
is driven off-resonantly by a coherent microwave drive of frequency
at the nearly twice the resonator frequency. (b) Circuit diagram of
the proposed circuit-QED system for realizing the proposal, where
the superconducting resonator is capacitively coupled to a supercon-
ducting flux qubit that is driven by a coherent microwave drive.
col for realizing two-photon driven Kerr resonator in a cQED
architecture, which, in principle, is compatible with the 3D
cQED architecture with high coherence. The Kerr resonator
with two-photon driving, which lie at its heart, is realized via
off-resonantly coupling a resonator to an ancillary microwave-
driven superconducting qubit. In our setting, the supercon-
ducting qubit is treated as a quantum three-level system that
is initially in its ground state, and remains unexcited in the
whole process, minimizing the effect of the qubit decoher-
ence. Moreover, based on our protocol for realizing two-
photon driven Kerr resonator, we apply a combination of the
recently proposed resonator based LHZ annealer [21] and
the 3D cQED architecture that allows a flexible and scalable
hardware architecture with long coherence times for LHZ an-
nealer. In our setting, each spin in the LHZ represented Ising
problem is encoded in the degenerate ground subspace of the
two-photon driven Kerr resonator formed by two coherent
states of opposite phases, and the four-body constraints, which
are decomposed into two three-body constraints, are physical
implemented with the use of a transmon qubit mediated tun-
able three-resonator interactions.
II. THE SYSTEM AND HAMILTONIAN
In order to construct a circuit-QED platform for engineer-
ing quantum state of resonator, and further implementing the
quantum annealing, here we introduce two major ingredients,
two-photon driven Kerr resonator, which allows us to create
non-classical state of resonator such as Schro¨dinger cat states,
and the tunable resonance three-resonator interaction. Mean-
while, we also aim to exploit the long coherence of the 3D su-
perconducting resonator, thus the presented platform should
be compatible with the 3D architecture. With these aims in
mind, in the following discussion: (i) We propose a scheme
to realize the two-photon driven Kerr resonator in a qubit-
resonator system, where the resonator is coupled to a super-
conducting qubit and the qubit is driven by a coherent mi-
crowave drive applied at well-chosen frequency, as shown in
Fig. 1. (ii) We show that a tunable resonance three-resonator
interaction can be induced by coupling resonators to a trans-
mon qubit, where the qubit mode decouples form these res-
onator modes and mediates the three-resonator interaction by
applying a suitable pump mode on it, as shown in Fig. 3. In
doing so, we present a thorough description of the two in-
gredients for the coupled network of two-photon driven Kerr
resonators. We now turn to present the quantitatively deriva-
tion.
A. Kerr-nonlinear resonator with two-photon driving
As shown in Fig. 1(a), we consider a system consisting of
a resonator coupled to a quantum three-level system (qutrit),
for which the transitions |g〉 ↔ |e〉 and |e〉 ↔ |f〉 of the
qutrit are off-resonantly coupled with the resonator, while the
|g〉 ↔ |f〉 transition is coupled to a coherent microwave drive
with a frequency at the nearly twice the resonator frequency.
The proposed scheme can be physically realized in a circuit
QED architecture consisting of a superconducting resonator
capacitively coupled to a superconducting qubit, which can
be realized by using flux qubit [37, 38] or fluxoninum qubit
[39], as depicted in Fig. 1(b). Here, we focus on the lowest
three energy levels of the superconducting qubit and thus we
treat the qubit as a three-level system (qutrit) (see Appendix
A for details of the circuit-QED system). After applying the
rotating wave approximation (RWA), the full system can be
described by the Hamiltonian (~ = 1, throughout the paper)
H = H0 +HI +Hd, (1)
where
H0 = ωca
†a+
∑
j=g,e,f
ǫj |j〉〈j|, (2)
describes the free Hamiltonian of the resonator and the qutrit,
HI = gge(|g〉〈e|a† + |e〉〈g|a) + gef (|e〉〈f |a† + |f〉〈e|a),(3)
describes the qutrit-resonator interaction, and
Hd = Ωp(e
iωpt|g〉〈f |+ e−iωpt|f〉〈g|), (4)
describes the time-dependent drive of the qutrit. Above, a†,
a are the creation and annihilation operators for the resonator
of frequency ωc. ǫj (j = g, e, f) is the transition frequency of
the qutrit from ground to excited state |j〉. gge and gef denote
the qutrit-resonator coupling strength, and Ωp is the real am-
plitude of the microwave drives at frequency ωp ≈ 2ωc. For
simplicity, we define ǫg = 0 in the following discussion.
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FIG. 2: (Color online) Quantum adiabatic evolution of the system with a microwave drive Ωp(t) = Ωp[1− e−(t/τ)4 ], where system is initially
in its ground state, i.e., the vacuum state |0〉 for the resonator, and the |g〉 for the qutrit. The whole time of the adiabatic evolution T = 5µs,
and τ = 3µs. (a)-(d) Wigner function for the resonator at the end of the adiabatic evolution for Ωp/2pi = (0.035, 0.055, 0.075, 0.095) GHz,
respectively. (e) Time evolution of the average photon number 〈a†a〉 and population leakage to the excited state (|e〉, |f〉) of the qutrit during
the adiabatic evolution. (f) Time dependent of the fidelity of the cat stateF(t). Parameters used in the numerical simulation are ωc/2pi = 5.25
GHz, εe/2pi = 6.25 GHz, εf/2pi = 10.0 GHz, gge/2pi = 0.094 GHz, gef/2pi = 0.136 GHz, and ggf/2pi = 0.140 GHz. In (f), for the
numerical simulation of the dynamics under the influence of dissipation, we use a decay rate of the resonator at κ = 1/500 MHz, and the
decay rate of the qutrit with γge = γgf = 1/1.5 MHz and γef = 1/1.0MHz.
We consider that our system operates in the dispersive
regime, where the qutrit is far detuned from the resonator
|∆jk| = |(|ǫj − ǫk|) − ωc| ≫ gjk, and also the microwave
drive |∆′d| = |ǫf − ωp| ≫ Ωp. In this situation, the sys-
temic Hamiltonian H can be well approximated by the effec-
tive Hamiltonian [40–42]
Heff = ω˜ca
†a+Ka†2a2 − P (a†2e−iωpt + a2eiωpt) (5)
where ω˜c = ωc + S is the renormalized resonator frequency
S = − g
2
ge
∆ge
+
g4ge
∆3ge
. (6)
The second term denotes the qutrit-induced self-Kerr-
nonlinearity of the resonator with
K = − g
2
geg
2
ef
∆2ge(∆ge +∆ef )
+
g4ge
∆3ge
. (7)
The last term represents a two-photon drive of amplitude
P = − ggegefΩp
∆ge(ǫf − ωp) (8)
applied on the resonator at frequency ωp = 2ω˜c.
In deriving Eq. (5), it is worth mentioning that: (i) We have
also assumed that the qutrit is initially in its ground state. As
the qutrit-resonator system operates in the far-detuned disper-
sive regime, no energy is exchanged between the field mode
(resonator and the microwave field) and the qutrit, thus the
qutrit remains unexcited. Therefore, one can eliminate the de-
grees of freedom of the qutrit and the effective Hamiltonian
is obtained. (ii) For a realistic implementation depicted in
Fig.1(b), we have ignored several terms due to their negligible
effects, the highly off-resonance coupling between transitions
(i.e, |g〉 ↔ |e〉, |e〉 ↔ |f〉) and the qutrit drives. For clar-
ity, we have also omitted the term describing the coupling be-
tween qutrit transition |g〉 ↔ |f〉 and resonator in the Hamil-
tonian in Eq. (1). However, this does not alter the main result
except making another contributions to the coefficient S and
K , see Appendix A for the complete derivation. Moreover,
these terms are taken into account in the following numerical
analysis.
As a result, we have demonstrated that the qutrit-resonator
system depicted in Fig. 1 can be modeled as a two-photon
driven Kerr resonator. Recent theoretical studies have shown
that the schro¨dinger cat state can be generated via quantum
adiabatic evolution of the system described by the Hamilto-
nian Eq. (5) [12, 13]. This can be made clear by moving to a
rotating frame with respect to ωpa
†a/2 such that the Hamilto-
nian Eq. (5) is simplified to [13]
H = Ka†2a2 − P (a†2 + a2)
= K(a†2 − P
K
)(a2 − P
K
)− P
2
K
.
(9)
For simplicity, we assume that K and P are positive for the
following discussion. It is apparent that the ground state is
two-fold degenerate. The coherent states |±α〉(α = √P/K),
are the degenerate eigenstates with energy −P 2/K , and thus
4also the schro¨dinger cat states
|C±α 〉 = N±α (|α〉 ± | − α〉), N±α =
√
2(1± e−2α2) (10)
where the N±α is the normalizing factor, and the ± label the
even- and odd cat-states, respectively. Moreover, the vac-
uum state |0〉 and the one-photon Fock state |1〉 are also the
ground eigenstates with even and odd parity for the undriven
case (P = 0). As the Hamiltonian preserves the parity, when
one gradually increases the amplitude of the two-photon drive
P (t), the driven system will evolve adiabatically along two
paths |C±α(t)〉 with α(t) =
√
P (t)/K for the system initially
prepared in the vacuum state and single-photon Fock state, re-
spectively [12, 13].
To show the validity of our proposal for the two-photon
driven Kerr resonator, we present in Fig. 2 the numerical anal-
ysis of the time evolution of the qutrit-resonator system, ini-
tially in |0, g〉, with a microwave drive Ωp(t) = Ωp[1 −
e−(t/τ)
4
] applied on the qutrit [13] (see Appendix B). The to-
tal evolution time T and τ are chosen to satisfy the adiabatic
condition, and we use T = 5µs and τ = 3µs in this work. Pa-
rameters used in the numerical simulation are ωc/2π = 5.25
GHz, εe/2π = 6.25 GHz, εf/2π = 10.0 GHz, gge/2π =
0.094GHz, gef/2π = 0.136GHz, and ggf/2π = 0.140GHz,
yielding K/2π ≈ 0.450MHz. For the microwave drive with
different amplitude (i.e., Ωp/2π = 0.035, 0.055, 0.075, 0.095
GHz), Figure 2(a)-(d) show the Wigner function for the res-
onator at the end of the adiabatic evolution, respectively, and
the resonator evolves to the even cat state |C+α 〉 as we expected.
The time evolution of the average photon number in resonator
is also displayed in the upper panel of Fig. 2(e), and the pho-
ton number at time t = T shows good agreement with the
value calculated by P/K , yielding the average photon number
(2.08, 3.28, 4.47, 5.66) for the four different drive amplitudes,
respectively.
The lower panel of Figure 2(e) shows the population leak-
age to the excited state (|e〉, |f〉) of the qutrit, where the
diamond-markered line and circle-markered line represent the
leakage to |e〉 and |f〉, respectively, which leads to an im-
portant limitation of our proposal for larger drive amplitudes.
These results show that for the fixed system parameter, in-
creasing Ωp will increase the population leakage, causing un-
desirable entanglement of the resonator and qutrit and adding
another decay channel of the resonator. Figure 2(f) shows
the time dependent of the fidelity of the cat state F(t) =√
〈C+α |ρr(t)|C+α 〉, in which α =
√
P/K , and ρr(t) is the re-
duced density matrix of the resonator. The markered line rep-
resents the time evolution of the fidelity without the effect of
dissipation, while the solid line corresponds to the situation by
considering the effect of photon decay and qutrit relaxation.
As we expected, increasing the microwave drive amplitude
will increase the infidelity. Meanwhile, the infidelity caused
by these population leakage can be made smaller by increas-
ing the qutrit-resonator detuning. However, we note that in-
creasing the qutrit-resonator detuning would entail a sacrifice
of the magnitude of the Kerr nonlinearity and the two-photon
drive.
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FIG. 3: (Color online) Left panel: Circuit diagram of the system con-
sisting of three resonators coupled to a superconducting transmon
qubit, which can be used for implementation of the tunable resonant
three-body interactions. Right panel: Diagrammatic representation
of the mechanism behind the effective resonant three-body interac-
tions: four-wave mixing process in nonlinear element, i.e., Josephson
junction, induced by the pump at the frequency ωd = ω1+ω2−ω3,
where a pump photon in combination with a resonator photon (with
frequency ω3) create a photon in both the other two resonators at
frequencies ω1 and ω2, respectively.
B. Tunable resonant interactions among three resonators
Here, we present a scheme for realizing tunable three-
resonator interaction and the interaction of interest to us is
H3body = J123(a
†
1a
†
2a3 + a1a2a
†
3), (11)
where the a†j and aj are the creation and annihilation opera-
tors for the jth resonator of frequency ωj . As shown in Fig. 3,
we consider a system consisting of three strongly detuned res-
onators dispersively coupled to a transmon qubit. With the
nonlinear cosine-coupling contributing from the Josephson
junction of the transmon qubit, four-wave mixing processes
that conserve energy, can happen by applying a suitable pump
mode on the qubit. Similar process have been experimentally
demonstrated in 3D cQED architecture [30, 43, 43]. Here, we
looks for a four-wave mixing process, where a pump photon
in combination with a resonator photon (with frequency ω3)
can create a photon in both the other two resonators at fre-
quencies ω1 and ω2, respectively, that results the three-body
interaction described by the interaction Hamiltonian given in
Eq. (11).
Now, we turn to give a quantitatively derivation of the ef-
fective Hamiltonian. The Hamiltonian of the system depicted
in Fig. 3 is [30]
H =ω(0)q a
†
qaq +
3∑
j=1
ω
(0)
j a
†
jaj − EJ (cosϕ+
1
2
ϕ2)
+ 2εp cos(ωdt)(a
†
q + aq),
(12)
where a†m and am (m = q, 1, 2, 3) are the creation and an-
nihilation operators for the mth mode with bare frequency
ω
(0)
m , and EJ is Josephson energy of the qubit mode. ϕ =
[φq(a
†
q + aq) +
∑3
j=1 φj(a
†
j + aj)] is the phase difference
across the junction, and φm (m = q, 1, 2, 3) is the zero-point
fluctuation of flux associated with themth mode. The term in
5the second line of Eq. (12) describes a pump mode with real
amplitude 2εp applied on the qubit mode at frequency ωd.
In order to see clearly how the four-wave mixing process
can lead to the desired three-resonator interaction, it is helpful
to move to a displaced frame by performing a time-dependent
transformation U(t) = e−ξ˜pa
†
q+ξ˜
∗
paq with ξ˜p = ξpe
−iωdt and
ξp =
εp
ωd−ωq
on the above Hamiltonian [30]. Assuming small
phase fluctuations, we can expand the cosine up to the fourth
order, and the resulting Hamiltonian after a rotating wave ap-
proximation in the displaced frame reads (see Appendix C for
more details)
H =
3∑
j=1
ωja
†
jaj + J123(a
†
1a
†
2a3e
−iωdt + a1a2a
†
3e
iωdt) (13)
where ωj is the frequency for the jth mode including a renor-
malization of the transition frequency coming from the qubit-
resonator coupling and the pump mode induced AC Stark
shift. J123 = −EJφ1φ2φ3φqξp is the three-body coupling
strength, which can be controlled by the pump drive. When
the pump frequency ωd matches the detuning of the three res-
onators, i.e., ωd = ω1 + ω2 − ω3, the interaction Hamilto-
nian given in Eq. (11) is obtained. Moreover, by tuning the
magnitude and the phase of the pump drive, one can realize
an amplitude- and phase-tunable three-resonator interaction,
which is useful to implement the ramp protocol for quantum
annealing, as we demonstrated in the following section.
III. RESONATOR BASED LECHNER-HAUKE-ZOLLER
ANNEALER WITH THREE-BODY CONSTRAINTS
In this section, we show that our procedure to realize the
two-photon driven Kerr resonator and the tunable resonance
three-resonator interaction in the circuit-QED architecture, as
demonstrated in Sec.II, could be used for the implementation
of quantum annealing with LHZ scheme.
Here, for easy reference and to set the notation, we briefly
review some basic concepts of quantum annealing and also
the LHZ scheme. The quantum annealing was proposed as a
quantum enhanced optimizer that aims to efficiently solve op-
timization problems. In quantum annealing, one can map an
optimization problem into the all-to-all Ising spin glass model
[45]
HP =
N∑
j=1
hjσ
Z
j +
∑
(j<k)
JjkσZj σZk (14)
where σZj is the Pauli operator for the jth spin. The local
field hj and the strength of the spin-spin coupling Jjk fully
define the optimization problem. The solution of the optimal
problem now amounts to finding the ground state of the Ising
spin glass model (Ising problem), and this can be achieved by
executing the time-dependent Hamiltonian
H(t) = (1 − t
T
)HI + (
t
T
)HP (15)
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FIG. 4: (Color online) Illustration of the fully connected architecture
with three-body constraints. (a) Graph of the fully connected Ising
problem with N = 3 logical qubits. (b) LHZ implementation of the
same problem with Np = N(N + 1)/2 = 6 physical qubits and
NC = N(N − 1)/2 = 3 local constraints. (c) Circuit-QED archi-
tecture for the physical implementation of the four-body constraints
needed in the Kerr-Resonator based LHZ scheme. (d) Decomposi-
tion of the four-body constraints into two three-body constraints by
using an ancillary resonator.
whereHI is the initial Hamiltonian with a trivial ground state
(e.g., HI =
∑N
j=1 bjσ
Z
j ) and T is the total evolution time.
For a system, which is governed by the HamiltonianH(t) and
initially in its ground state, evolving adiabatically, the system
will stay in the instantaneous ground state of the Hamiltonian
at each time t. Therefore, at the end of the evolution t = T ,
the system will stay in the ground state ofHP , which encodes
the desired solution of the optimal problem.
However, to solve a practical optimal problem mapped into
the Ising model with full connectivity, one leading physical
restriction that makes the direct physical implementation of
the model becomes untractable is that interactions between
physical systems are commonly local, which favors local in-
teraction between spins rather than long range interaction. To
get ride of this obstacle, an embedding technique, now known
as minor embedding scheme, was first introduced [46, 47].
Recently, Lechner et al. [34] proposed an alternative embed-
ding scheme in which the full connected Ising model with N
logical spins [Fig. 4(a)] is encoded in NP = N(N + 1)/2
physical spins with NC = N(N − 1)/2 local constraints in
a triangular lattice, as shown in Fig. 4(b) [48]. In the LHZ
scheme, each physical spin encodes the relative orientation
of the corresponding pair of logical spins, i.e., the physical
spin take | ↑〉 and | ↓〉 for aligned (i.e., | ↑↑〉, | ↓↓〉) and
antialigned (i.e., | ↑↓〉, | ↓↑〉) logical pair, respectively. Mean-
while, the local constraints are introduced for suppressing the
redundancy of the encoding scheme. With this scheme, only
local four-body terms and programmable local fields applied
on the physical spin are needed [49]. These features along
with the potential of scaling up make it attractive for practical
physical implementation, and various physical implementa-
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FIG. 5: (Color online) Time-dependent spectrum of an annealing
process for the Ising problem with N = 3 logical spins. The pa-
rameters of the Ising problem used for numerical simulation are:
the local field acted on the jth logical spin hj , and the spin-spin
coupling strength Jjk are random number taken from the interval
[−J ,J ]. (a) Fictitious directly implementation. (b) Implementa-
tion with LHZ-scheme where each four-body constraint is realized
directly by using a four-spin interaction. (c) Implementation with
LHZ-scheme where each four-body constraint is represented by two
three-body constraints that are physically realized by using three-
spin interactions. Here, t is the time and T is the total evolution time,
and Ei is the eigenenergy. We use a constraint strength C/J = 3.
tion scheme have been proposed [21, 35, 36, 50] and demon-
strated experimentally for small system [51]. In particular,
the resonator-based implementation proposed in Ref. [21] has
been shown to be realizable and noise-resilient. Therefore, in
the following discussion, by combining the advantage of this
resonator-based implementation and the long coherence times
attainable in 3D cQED, we propose a scalable hardware for
implementing resonator-based LHZ annealer with three-body
constraints, which is compatible with 3D cQED architecture.
A. the Lechner-Hauke-Zoller scheme with three-body
constraints
In the LHZ scheme, each four-body constraint can be real-
ized directly by using a four-spin interaction σZl,nσ
Z
l,sσ
Z
l,eσ
Z
l,w ,
in which the (l, n), (l, s), (l, e), and (l, w) label the physi-
cal spin involved in the lth four-body constraint, and the in-
teraction strength should be the dominant energy scale in the
embedding model [34, 36]. Therefore, for a physical imple-
mentation of the LHZ scheme with four-body constraints, the
Ising problem Hamiltonian reads [34]
HLHZ4P =
NP∑
j=1
hjσ
Z
j − C
NC∑
l=1
σZl,nσ
Z
l,sσ
Z
l,eσ
Z
l,w (16)
with logical field hj acted on the jth physical spin and C the
magnitude of the four-spin coupling strength.
However, the four-spin interaction is still hard to be phys-
ically realized with considerably high coupling strength. Re-
cently, Leib et al. [35] have theoretically demonstrated that
one can use a general recursive decomposition of classical k-
local Ising terms, decomposing the four-body constraints into
two three-body constraints,
σZl,nσ
Z
l,sσ
Z
l,eσ
Z
l,w → σZl,nσZl,wσZl,a + σZl,aσZl,sσZl,e. (17)
with an ancillary physical spin labeled by (l, a). It is noted
here that each ancillary physical spin does not encode any in-
formation of the logical spin configuration, but mediates the
three-body realization of the four-body constraints. There-
fore, one can realize the LHZ scheme with three-body con-
straints, which can be realized directly by using a three-body
interaction σZi σ
Z
j σ
Z
k . For a physical implementation of the
LHZ scheme with three-body constraints, the Ising problem
Hamiltonian becomes
HLHZ3P =
N˜P∑
j=1
hjσ
Z
j − C
N˜C∑
l=1
σZl,iσ
Z
l,jσ
Z
l,k, (18)
with N˜P = N(N − 1) + 1, and N˜C = (N − 1)2.
In order to evaluate the performance of the LHZ scheme
with three-spin interactions, we present in Fig. 5 the time-
dependent energy spectrum of the executing Hamiltonian for
the Ising problem with N = 3 logical spins, and the Ising
problem Hamiltonian are represented by Eq. (14), Eq. (16),
and Eq. (18), respectively. In the numerical simulation, we
consider that the initial Hamiltonian is given as HI =∑N
j=1 bjσ
Z
j with bj = J , and we use the local field strength
hj , spin-spin coupling strength Jjk that is randomly tak-
ing from the interval [−J ,J ], and the constraints strength
C/J = 3. As shown in Fig. 5, although different trajectories
of the time-dependent spectrum have been shown for the three
schemes, an almost perfect agreement of the lower 23 energy
levels is displayed at time t = T , demonstrating preliminarily
the validity of the three-body constraints implementation of
the Ising problem.
In the practical quantum annealing process, the mini-
mal gap is the leading limitation restricting the sweep time
and also the main source of errors in quantum annealing,
i.e., Landau-Zener transitions. For the LHZ scheme with
three-body- and four-body constraints, we further presents in
Fig. 6(a) the comparison of the minimal gap. For 500 ran-
dom instances, the three-body constraints based implementa-
tion does not considerably decrease the minimal gap, and even
the two implementations show a similar result for four differ-
ent constraint strengths (C/J = 1.5, 2, 2.5, 3).
Alternatively, compared with the ramp protocol described
by the Hamiltonian Eq. (15) where in the annealing process,
the constraint terms are adiabatically changed form 0 to C, it
is also possible to use an always-on protocol (i.e., the strength
of the constraints are fixed in the whole process). Using this
always-on protocol, the Ising problem encoded by the LHZ
scheme is fully characterized by the local fields applied on the
physical spin, and thus one can simplify the physical system
and reduce the complexity for quantum annealing. Recent the-
oretical studies have demonstrated that the gap in the always-
on protocol is in general smaller, but with only a small system-
atic difference between the two in favor of the ramp protocol
[35]. However, as shown in Fig. 6(b), the minimal gap in the
three-body implementation with ramp protocol [∆3min]ramp is
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FIG. 6: (Color online) Scatter plot showing the minimal gap in the
annealing process for the LHZ scheme with three-spin interaction
∆3min versus the minimal gap with four-spin interaction ∆
4
min .
The points (belong to the same color) correspond to 500 random in-
stances with a given constraints strength. The constraints strength
are C/J = (1.5, 2, 2.5, 3), and the parameters of the Ising problem
used are the same as that of Fig. 5. (a) For both LHZ implementa-
tions, we use ramp protocol, i.e., [∆3min]ramp versus [∆
4
min]ramp.
(b) The ramp protocol for the three-spin interaction implementation
[∆3min]ramp against the always-on protocol for the four-spin inter-
action implementation [∆4min]on.
general larger than the one in the four-body always-on proto-
col [∆4min]on. This suggests that the three-body implemen-
tation with ramp protocol may have better performance than
the four-body always-on protocol. In the following discus-
sion, we propose a resonator based system for implementing
the LHZ scheme with three-body constraints, and the tun-
able three-body interactions in the proposed system allows for
ramp protocol.
B. The coupled network with application to the
Lechner-Hauke-Zoller annealer
Following the recent theoretical studies in Ref. [21], here
we show that the cQED architecture proposed in Sec.II, can be
used to realize the LHZ scheme with three-body constraints,
where the spin states {| ↑〉, | ↓〉} are encoded in the de-
generate ground subspace of the two-photon driven Kerr res-
onator formed by two coherent states of opposite phases, i.e,
{|α〉, | − α〉}, respectively, and the three-body constraints are
directly implemented with three-resonator interactions medi-
ated by the transmon qubit, as we introduced in Sec. II(B).
Moreover, the proposal allows tunable three-resonator inter-
actions that enables the ramp protocol for the LHZ annealer.
For the triangular network as shown in Fig. 4(b), we con-
sider that each spin is physically realized by a two-photon
driven Kerr Resonator, and all the four-body constraints are
physically realized by two three-resonator interactions with
an ancillary resonator, as shown in Fig. 4(d), while the three-
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FIG. 7: (Color online) Time-dependent spectrum. Left panel: Energy
spectrum during a adiabatic evolution for Ising problem withN = 2
logical spins, represented by shallow green block in Fig. 4(a). Right
panel: Resonator based LHZ-scheme with three-body constraints de-
scribed by Eq. (26), represented by shallow green block in Fig. 4(b).
The parameters of the Ising problem used are the same as that of
Fig. 5, and we use the constraints strength C/J = 3. Resonator sys-
tem parameters for calculation are δ1/J = δ2/J = δ3/J = 4.5,
K/J = 10, ε(p)j /J = −20, resulting α =
√
P/K =
√
2,
and J123/J ≈ −0.53. In left panel of (a)-(d), the arrowed line
marks the spin configuration of the ground state at time t = T , i.e.,
{| ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉}, respectively, and also in the right panel,
where the state of the first two resonators reproduces the spin con-
figuration of the ground state of the Ising problem, while the state of
the third resonator confirms the relative orientation of the two logical
spins.
body constraints in the base of the lattice is directly realized by
three-resonator interactions. Meanwhile, the local field acted
on the physical spin is introduced by a single-photon drive ap-
plied on the resonator [20, 21]. To implement the adiabatic
ramp protocol for a general N -spin Ising problem with the
proposed triangular network, the executing time-dependent
8Hamiltonian reads (in the lab frame)
HLHZN (t) =
N˜P∑
j=1
(Hj +H
(d)
j ) +
N˜C∑
(i,j,k)∈l
HCijk (19)
where
Hj =ωja
†
jaj +Kja
†2
j a
2
j
− ε(p)j (t)(a†2j e−iω
(p)
j
(t)t + a2je
iω
(p)
j
(t)t),
(20)
describes the jth resonator with self-Kerr coefficientKj and a
two-photon drive of amplitude ε
(p)
j (t) = ε
(p)
j t/T at frequency
ω
(p)
j (t) = 2ωj − 2δj(1 − t2T ), similar to the one given in
Sec. II(A),
H
(d)
j = ε
(d)
j (t)(a
†
je
−iω
(d)
j
(t)t + aje
iω
(d)
j
(t)t) (21)
represents the additional single-photon drive of amplitude
ε
(d)
j (t) = ε
(d)
j t/T applied on the jth resonator at frequency
ω
(d)
j (t) = ω
(p)
j (t)/2, and
HCijk = Jijk(t)(a
†
ia
†
jake
−iω
(l)
d
t + aiaja
†
ke
iω
(l)
d
t) (22)
denotes the three-resonator interaction with strength
Jijk(t) = Jijkt/T , which is induced by a pump mode at
frequency ω
(l)
d = [ω
(d)
i (t) + ω
(d)
j (t) − ω(d)k (t)](i,j,k)∈l, as
demonstrated in Sec.II(B).
In a frame where each of the resonator rotate at the instan-
taneous single-photon drive frequency, i.e., applying the uni-
tary transformation U = e−i
∑N˜P
j=1 ω
(d)
j
(t)ta†
j
aj on above ex-
pression, the Hamiltonian now reads [21]
HLHZN (t) = (1−
t
T
)HI + (
t
T
)HLHZRP (23)
where
HI =
N˜P∑
j=1
[(δja
†
jaj +Kja
†2
j a
2
j) (24)
acts as the initial Hamiltonian for implementing quantum an-
nealing, whose ground state is vacuum state that is actually
simpler to be prepared, and
HLHZRP =
N˜P∑
j=1
[Kja
†2
j a
2
j + ε
(p)
j (a
†2
j + a
2
j) + ε
(d)
j (a
†
j + aj)]
+
N˜C∑
(i,j,k)∈l
Jijk(a
†
ia
†
jak + aiaja
†
k)
(25)
characterizes the Ising problem by using the LHZ scheme
with three-body constraints. The correspondence between the
above expression and the Hamiltonian given in Eq. (18), can
be found directly by projecting Eq. (25) on the tensor product
(i.e.,
⊗
N˜P ) of the spaces spanned by {|α〉, |−α〉}, where the
α is real number, and by dropping constant terms, resulting
HLHZRP =
N˜P∑
j=1
hjσ
Z
j +
N˜C∑
(i,j,k)∈l
Cijkσ
Z
l,iσ
Z
l,jσ
Z
l,k (26)
with hj = 2ε
(d)
j α and Cijk = 2Jijkα
3. However, as men-
tioned in Ref. [52] and demonstrated in Refs. [13, 21], the
above procedure is valid only if the single-photon driven
strength εdj is sufficiently smaller, and also the three-resonator
coupling strength Jijk .
To give a preliminary verification of the above resonator
based LHZ annealer, we present in Fig. 7 the time-dependent
energy spectrum of the Hamiltonian in Eq. (15) and Eq. (25),
respectively, with N = 2. At the end of the evolution
t = T , an almost perfect agreement of the lower 22 energy
levels is displayed. Furthermore, in the left panel of Fig. (7),
we present the the spin configuration of the ground state of
Ising problem described by Eq. (15) with different parame-
ters, resulting {| ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉} for (a)-(d), respec-
tively. We also show, in the right panel, the ground state
of the corresponding resonator-based LHZ annealer at time
t = T , where the state of the first two resonators reproduces
the spin configuration of the ground state of the Ising prob-
lem, while the state of the third resonator confirms the rela-
tive orientation of the two logical spins. The whole fidelity
F = 〈s1α, s2α, s3α|Ψ0(T )〉, in which α =
√
P/K =
√
2,
si = ± (i = 1, 2, 3) is the sign of the amplitude of the ith
resonator for an ideal encoding, and |Ψ0(T )〉 is the eigen-
state of the executing Hamiltonian Eq. (23) at t = T , are
99.93%, 99.93%, 99.93%, 99.94% for the four different spin
configurations, respectively.
IV. CONCLUSION
In conclusion, we propose a new scheme for implementing
two-photon driven Kerr resonator in a cQED architecture con-
sisting of a superconducitng resonator capacitively coupled
to a microwave driven superconducting qubit, and by using
realistic parameters, we show that the Schro¨dinger cat state
can be prepared via adiabatic evolution in the microwave-
driven qubit-resonator system. Contrary to the implementa-
tion by using superconducting coplanar resonator terminated
by a flux-pumped SQUID, our protocol is compatible with
the 3D architecture that allows us to exploits the large coher-
ence times of the 3D microwave superconducting resonator.
The major limitation of our proposal is the population leak-
age for lager drive amplitudes, which results infidelity, and in
principle, this can be further decreased by looking for optimal
parameter set of the qubit-resonator system. As a possible
extension, one may also apply this protocol to a hybrid quan-
tum system consisting of a spin or atomic ensemble coupled
to a superconducting circuits [53], allowing generation of spin
(atomic) Schro¨dinger cat state and spin squeezing for quantum
enhanced sensing and metrology [54, 55].
Inspired by the recent theoretical work, we further show
that the presented architecture to realize two-photon driven
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FIG. 8: (Color online) Circuit model of the capacitively-shunted flux
qubit (C-shunt flux qubit) capacitively coupled to an LC resonator.
Kerr resonator together with the introduced tunable three-
resonator interaction, can be scaled easily up to a coupled net-
work for the implementation of resonator based LHZ annealer.
The tunable three-resonator interaction allows for the ramp
protocol of our quantum annealer. Therefore, comparing with
the always-on protocol, our implementation with ramp proto-
col may have better performance. Furthermore, in principle,
the annealer that we have proposed can be realized in the 3D
cQED architecture [56, 57], for which the coherence times
of the 3D microwave superconducting resoantor can exceed
that of the best superconducting qubit by almost two orders of
magnitude [31, 32]. This makes our proposed implementation
a promising physical platform for realizing quantum annealer
with improved coherence.
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Appendix A: The realistic circuit-QED implementation
Figure 8 shows the circuit model of the capacitively-
shunted flux qubit (C-shunt flux qubit) [60, 61], which is ca-
pacitively coupled to an LC resonator [61–63]. The two iden-
tical Josephson junctions have capacitance CJ and coupling
energyEJ , while the third (smaller one) has capacitance αCJ
and coupling energy αEJ . Lr and Cr represent the equiva-
lent inductance and capacitance of the resonator, respectively.
Cc represents the coupling capacitance between the resonator
and the flux qubit, for which the smaller junction is shunted
by a capacitance Csh. In the following discussion, the phase
difference across the larger Josephson junctions and the in-
ductance Lr are denoted as ϕi (i = 1, 2) and ϕr, respectively.
The Lagrangian of the system is given by
L =CJ
2
(
Φ0
2π
)2ϕ˙21 +
CJ
2
(
Φ0
2π
)2ϕ˙22
+
αCJ
2
(
Φ0
2π
)2(ϕ˙21 − ϕ˙22)
+
Csh
2
(
Φ0
2π
)2(ϕ˙21 − ϕ˙22) + U
+
Cc
2
(
Φ0
2π
)2(ϕ˙2r + ϕ˙
2
1 − ϕ˙22)
+
Cr
2
(
Φ0
2π
)2ϕ˙2r +
1
2Lr
(
Φ0
2π
)2ϕ2r
(A1)
where Φ0 = h/2e, and U = EJ cosϕ1 + EJ cosϕ2 +
αEJ cos(ϕ1 − ϕ2 + 2πf) with f = Φe/Φ0, where Φe is the
externally applied magnetic flux in the loop. For clarity, this
equation can be rewritten as
L =CJ
2
(
Φ0
2π
)2ϕ˙21 +
CJ
2
(
Φ0
2π
)2ϕ˙22
+
α′CJ
2
(
Φ0
2π
)2(ϕ˙21 − ϕ˙22)
+ U +
Cc
2
(
Φ0
2π
)2(ϕ˙2r + ϕ˙
2
1 − ϕ˙22)
+
Cr
2
(
Φ0
2π
)2ϕ˙2r +
1
2Lr
(
Φ0
2π
)2ϕ2r
(A2)
with α′ = α + CshCJ . Following the procedure of Ref. [63],
the system can described by a Hamiltonian consisting of three
parts,
Hqr = Hq +Hr +Hc, (A3)
where
Hq =4Ec
(1 + α′)(1 + γ) + β
(1 + 2α′)(1 + γ) + 2β
(n21 + n
2
2)
+ 8Ec
α′(1 + γ) + β
(1 + 2α′)(1 + γ) + 2β
n1n2 − U,
(A4)
is the qubit Hamiltonian,
Hr = ωca
†a (A5)
is the resonator Hamiltonian, and
Hc =
−2i
(1 + 2α′ + 2β)1/4
√
βγ
[(1 + 2α′)(1 + γ) + 2β]3/2
×
√
ErEc(n1 − n2)(a† − a)
(A6)
is the qubit-resonator interaction Hamiltonian. Above, a† and
a are the creation and annihilation operators for the resonator
with frequency
ωc =
1√
LrCr
√
1 + 2α′ + 2β
(1 + 2α′)(1 + γ) + 2β
, (A7)
and Ec = e
2/2CJ , β = Cc/CJ , γ = Cc/Cr, and ni (i =
1, 2) are conjugate variable of the phase differences ϕi.
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TABLE I: Component parameters of the qubit-resonator system used
for energy level and coupling strength calculations in Fig. 9.
CJ 10.76 fF
EJ/2pi 135.00 GHz
α 0.60
Csh 22.06 fF
Cc 5.92 fF
Er/2pi 5.25 GHz
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FIG. 9: (Color online) (a) The energy spectrum of the flux qubit
from the ground state. (b) The coupling strength gij = |〈i|Hc|j〉|.
In this work, the biased point of interest to us is indicated by the
vertical arrow, i.e., f = 0.4916. This results the system parameters
used for numerical analysis in the main text, εe/2pi = 6.25 GHz,
εf/2pi = 10.0 GHz, gge/2pi = 0.094 GHz, gef/2pi = 0.136 GHz,
and ggf/2pi = 0.140 GHz.
According to the parameters listed in Table 1, Figure 9
shows the energy spectrum of the flux qubit from the ground
state and the coupling strength gij = |〈i|Hc|j〉|, where |j〉
represents the jth eigenstate of the uncoupled qubit Hamilto-
nian given in Eq. (A4), as a function of the flux bias f .
In this work, we focus on the lowest three energy levels
of the flux qubit and thus in this situation the flux qubit is
considered to be a perfect three-level system (qutrit). After
using the RWA, the Hamiltonian of the qutrit-resonator system
is
Hqr = ωca
†a+
∑
j=g,e,f
ǫj|j〉〈j|+Hc,
Hc = gge|g〉〈e|a† + gef |e〉〈f |a† + ggf |g〉〈f |a† +H.c.
(A8)
By introducing a microwave drive tone applied on the qutrit,
the full system Hamiltonian reads
Hfull = Hqr +Hd, (A9)
where
Hd =Ω
(p)
ge e
−iωpt|e〉〈g|+Ω(p)ef e−iωpt|f〉〈e|
+Ω
(p)
gf e
−iωpt|f〉〈g|+H.c.,
(A10)
hereH.c. stands for Hermitian conjugate, and ǫj (j = g, e, f)
is the transition frequency of the qutrit from ground to excited
state |j〉. gge, gef , and ggf denote the qutrit-resonator cou-
pling strength. Ω
(p)
jk is the real amplitude of the microwave
drive with frequency ωp applied to the |j〉 ←→ |k〉 transition
of the qutrit. For simplicity, we define ǫg = 0 in the following
discussion.
We consider that our system operates in the dispersive
regime, where the qutrit is detuned from the resonator |∆jk| =
|(|ǫj−ǫk|)−ωc| ≫ gjk , and the qutrit is off-resonantly driven
by the microwave drive |∆′jk| = |(|ǫj − ǫk|) − ωp| ≫ Ω(p)jk .
Moreover, we suppose that the qutrit is initially in its ground
state. Therefore, the qutrit remains unexcited in the process
and thus decouples from the resonator. In these conditions, by
using the fourth-order perturbation theory [40, 64], and elim-
inating the degrees of freedom of the qutrit, the Hamiltonian
in Eq. (A9) can be well approximated by the effective hamil-
tonian
Heff = ω˜ca
†a+Ka†2a2 − P (a†2e−iωpt +H.c.) (A11)
where ω˜c = ωc + S is dressed resonator frequency with
S =− g
2
ge
ωe − ωc −
g2gf
ωf − ωc +
g4ge
(ωe − ωc)3
+
g4gf
(ωf − ωc)3 +
g2gfg
2
ef
(ωc − ωf)(−ωe)(ωc − ωf )
− g
2
geg
2
gf
(ωc − ωe)2(ωc − ωf) −
g2geg
2
gf
(ωc − ωe)(ωc − ωf )2
(A12)
The second term denotes the qutrit-induced Kerr-nonlinearity
of the resonator with
K =
g4ge
(ωe − ωc)3 +
g4gf
(ωf − ωc)3
+
g2geg
2
ef
(ωc − ωe)(2ωc − ωf )(ωc − ωe)
+
g2gfg
2
ef
(ωc − ωf )(−ωe)(ωc − ωf)
− g
2
geg
2
gf
(ωc − ωe)2(ωc − ωf ) −
g2geg
2
gf
(ωc − ωe)(ωc − ωf)2
(A13)
The last term represents a two-photon drive of amplitude
P = − ggegefΩ
(p)
gf
∆ge(ǫf − ωp)
(A14)
applied on the resonator at frequency ωp = 2ω˜c.
Appendix B: master equation
The influence of photon decay and qubit relaxation on the
quantum adiabatic evolution can be studied by the master
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equation approach. By including photon decay and qubit re-
laxation terms, we can write the master equation [65]
dρs
dt
=− i[H, ρs] + κL[a] + γgeL[|g〉q〈e|]
+ γefL[|e〉q〈f |] + γgfL[|g〉q〈f |].
(B1)
Above, ρs is the density matrix of the entire system, H is
the Hamiltonian of the full system given in Eq. (A9), and
L[O] = OρO† − O†Oρ/2 − ρO†O/2 is the Lindbladian of
the operator O. κ and γjk denote the photon decay rate of
the resonator and the relaxation rate of the (|j〉, |k〉) two level
systems, respectively.
To make a direct comparison of the evolution of the effec-
tive model describing by Hamiltonian in Eq. (9) in the main
text and that of our proposed full microwave-driven qutrit-
resonator system describing by the Hamiltonian in Eq. (A9),
it is helpful to move to the rotating frame corresponds to the
interaction picture with respect to the renormalized frequency
of the resonator, that is the change of variables in Eq. (B1)
ρ˜s(t) = e
iω˜ctρse
−iω˜ct (B2)
In this new frame, the master equation is given as
dρ˜s
dt
=− i[H˜, ρ˜s] + κL˜[a˜] + γgeL˜[|g〉〈e|]
+ γef L˜[|e〉〈f |] + γgf L˜[|g〉〈f |],
(B3)
where L˜[O] = Oρ˜sO† − O†Oρ˜s/2 − ρ˜sO†O/2, and H˜ =
H˜qr +Hd with
H˜qr = (ωc − ω˜c)a†a+
∑
j=g,e,f
ǫj |j〉〈j|+ H˜c
H˜c = gge|g〉〈e|a˜† + gef |e〉〈f |a˜† + ggf |g〉〈f |a˜† +H.c.
(B4)
Here, a˜† = eiω˜cta† and a˜ = e−iω˜cta are the creation and
annihilation operators for the resonator in the rotating frame.
Appendix C: three-body interaction among the three resonators
Here, we present a detailed derivation of the effective
Hamiltonian Eq. (13) in the main text. In the displaced frame
with respect to the unitary transformation
U(t) = e−ξ˜pa
†
q+ξ˜
∗
paq ,
ξ˜p = ξpe
−iωdt, ξp =
εp
ωd − ωq ,
(C1)
withU(t)aU(t)−1 = a+ξ˜p, the Hamiltonian in Eq. (12) reads
H = ω(0)q a
†
qaq +
3∑
j=1
ω
(0)
j a
†
jaj − EJ(cosϕ+
1
2
ϕ2),
ϕ = [φq(a˜
†
q + a˜q + ξ˜
∗
p + ξ˜p) +
3∑
j=1
φj(a
†
j + aj)],
(C2)
where a˜†q and a˜q are the creation and annihilation operators for
the qubit mode in the displaced frame. Assuming small phase
fluctuations, we can expand the cosine up to the fourth order
and only keep the nonrotating terms, leading to the effective
Hamiltonian [30]
H = ω′qa
†
qaq +
3∑
j=1
ω′ja
†
jaj − EJ(
1
24
ϕ4 +O(ϕ6)), (C3)
H =ω′qa
†
qaq +Kqa
†2
q a
2
q +
3∑
j=1
Kqja
†
qaqa
†
jaj
+
3∑
j=1
(ω′ja
†
jaj +Kja
†2
j a
2
j) +
∑
j 6=k
Kjka
†
ja
†
kajak
+ |ξp|2(2Kqa†qaq +
3∑
j=1
Kqja
†
jaj)
+ J123(a
†
1a
†
2a3e
−iωdt + a1a2a
†
3e
iωdt),
(C4)
where ω′m (m = q, 1, 2, 3) is the frequency for themth mode
including a renormalization of the transition frequency com-
ing from the normal ordering procedure of the fourth-order
phase term. Kq = −EJφ4q/4 and Kj = −EJφ4j/4 are
the coefficients of the self-Kerr nonlinearity associated with
the qubit mode and the ith resonator, respectively. Kjk =
−EJφ2jφ2k denotes the coefficient of the cross-kerr nonlin-
earity between the jth resonator and the kth resonator, and
Kqj = −EJφ2qφ2j represents the coefficient of the cross-
kerr nonlinearity between the qubit mode and the jth res-
onator. J123 = −EJφ1φ2φ3φqξp is three-resonator coupling
strength. The term in the third line of Eq. (C4) corresponds to
the AC Stark shift induced by the pump mode. Note that we
have not neglected the terms like a†1a
†
2a3 as well as we will
choose ωd = ω1 + ω2 − ω3 so that these terms are resonant.
By assuming that the qubit-resonator system operates in
strongly dispersive regime, and the pump mode is far off-
resonance tone applied on the qubit mode, the qubit mode,
which is initially in its ground state, will remain unexcited in
the whole process. Therefore, to simply the above expression,
we can safely eliminate the degrees of the freedom of the qubit
mode, and rewrite the Hamiltonian as
H =
3∑
j=1
(ωja
†
jaj +Kja
†2
j a
2
j) +
∑
j 6=k
Kjka
†
ja
†
kajak
+ J123(a
†
1a
†
2a3e
−iωdt + a1a2a
†
3e
iωdt),
(C5)
where ωj = ω
′
j + |ξp|2Kqj . For realistic system, the coef-
ficient Kj and Kjk are very small, and one can omit these
associated terms in the Hamiltonian, thus we can recover the
Hamiltonian given in Eq. (13) of the main text. When the
pump frequency matches the detuning of the three resonators,
i.e. ωd = ω1 + ω2 − ω3, in the interaction picture, the Hamil-
tonian reads as
H3body = J123(a
†
1a
†
2a3 + a1a2a
†
3). (C6)
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By taking EJ/2π = 21 GHz, and (φq, φ1, φ2, φ3, ξp) =
(0.35, 0.03, 0.03, 0.03, 0.5), it is possible to obtain a three-
resonator coupling strength J123/2π ≈ −0.1 MHz. These
parameters also yield Kj/2π ≈ −4.25 KHz, and Kjk/2π ≈
−4.25 KHz, which is rather small, as excepted. Moreover, in
our protocol for implementing the resonator-based LHZ an-
nealer, the qubit-induced self-Kerr nonlinearly is only a small
correction to the Kerr term given in Hamiltonian Eq. (19),
while for the cross-Kerr nonlinearly, it has been demonstrated
that the error caused by this nonlinearity terms is very small
for larger α, and can be compensated by introducing addi-
tional detuning terms δa†jaj for the Ising problem Hamilto-
nian [21].
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